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University.1. Introduction
Nowadays fractional calculus and fractional differential equa-
tions (FDEs) have been used to describe a variety of problems
in mechanical engineering, physics, control theory, ﬂuid
mechanics, signal processing, viscoelasticity, electromagne-
tism, electrochemistry, thermal engineering, and many other
physical processes [1–5]. Therefore many authors have been
interested in studying the fractional calculus and ﬁnding accu-
rate and efﬁcient methods for solving FDEs. In the past few
decades, many methods have been developed for solving
FDEs, such as Adomian decomposition method [6], varia-
tional iteration method [7], homotopy perturbation method[8], differential transform method [9], local variational itera-
tion method [10–12], and other methods [13–16].
The variational iteration method, which is introduced by
He [17], has been widely used to obtain approximate solutions
of linear and nonlinear problems arising as ordinary or partial
differential equations of integer or fractional order in science
and engineering [18–21]. In the recent years, FVIM, which is
modiﬁed to improve the efﬁciency and accuracy of VIM, is
proposed and successful results have been achieved [22–28].
The essential difference between VIM and FVIM for fractional
differential equations is the determination of Lagrange
multiplier and construction of correction functional. Lagrange
multiplier in VIM is usually determined by the variational
theory and some approximations. If VIM is implemented to
FDEs, this leads to inaccurate approximations. Lagrange
multiplier is determined by the fractional variational theory
[29] in a high accurate way in FVIM. So, FVIM provides an
912 _analytical approximation, in many cases an exact solution, in a
rapidly convergent sequence.
In this paper, the fractional variational iteration method is
applied to the following fractional Fornberg–Whitham
equation to obtain analytical approximate solution:
@au
@ta
 uxxt þ ux ¼ uuxxx  uux þ 3uxuxx; t > 0; 0 < a 6 1
ð1:1Þ
subject to the initial condition:
uðx; 0Þ ¼ u0ðxÞ; xP 0 ð1:2Þ
where u(x, t) is the ﬂuid velocity, x and t represent the spatial
coordinate and the time respectively. To obtain the approxi-
mate or numerical solution of fractional Fornberg–Whitham
equation, many effective methods have been developed, such
as homotopy perturbation method (HPM) [30], variational
iteration method (VIM) [31], combination Laplace transform
and HPM [32], homotopy analysis method (HAM) [33], differ-
ential transform method (DTM) [34] and fractional homotopy
analysis transform method (FHATM) [35].
2. Preliminaries
In this section, some basic deﬁnitions and properties of the
fractional calculus theory, which could be found in [36,37],
have been reviewed.
Deﬁnition 2.1. Jumarie is deﬁned the fractional derivative as
the following limit form:
f ðaÞ ¼ limh!0 D
a½fðxÞ  fð0Þ
ha
ð2:1Þ
Deﬁnition 2.2. The Riemann–Liouville fractional integral
operator (I a) of order a is deﬁned as follows:
0I
a
xfðxÞ ¼
1
CðaÞ
Z x
0
ðx nÞa1fðnÞdn ð2:2Þ
where f 2 Cl, lP 1, x> 0, a> 0.
Ia integral operator provides the following properties for
a; bP 0 and cP 1:
ðiÞ IaIbfðxÞ ¼ IbIafðxÞ ¼ IaþbfðxÞ ð2:3Þ
ðiiÞ Iaxc ¼ Cðcþ 1Þ
Cðaþ cþ 1Þx
aþc ð2:4Þ
Deﬁnition 2.3. The modiﬁed Riemann–Liouville fractional
derivative of f(x) is deﬁned as follows:
0D
a
xfðxÞ ¼
1
Cðn aÞ
dn
dxn
Z x
0
ðx nÞnaðfðnÞ  fð0ÞÞdn; ð2:5Þ
where x 2 ½0; 1; n 1 6 a < n and nP 1 .
The modiﬁed Riemann–Liouville fractional derivative pro-
vides the following properties:
(i) Fractional Leibniz product law:0D
a
xðf  gÞ¼0DaxðfÞ  gþ f  0DaxðgÞ ð2:6Þ(ii) Fractional Leibniz Formula:0I
a
x0D
a
xfðxÞ ¼ fðxÞ  fð0Þ; 0 < a 6 1 ð2:7Þ
B. Ibis, M. Bayram(iii) Integration by part for fractional calculus:aI
a
bðfðaÞgÞ ¼ ðf  gÞjba  aIabðf  gðaÞÞ ð2:8Þ
Deﬁnition 2.4. Fractional derivative for compounded func-
tions is deﬁned as follows:
daf ¼ Cð1þ aÞdf; 0 < a < 1 ð2:9Þ
Deﬁnition 2.5. The integral with respect to (dx)a is deﬁned as
the solution of the FDE:
dy ¼ fðxÞðdxÞa; xP 0; yð0Þ ¼ 0; 0 < a < 1 ð2:10Þ
Lemma 2.1. Let f(x) represent a continuous function, then the
solution of (2.9) is deﬁned as:
y¼
Z x
0
fðnÞðdnÞa¼ a
Z x
0
ðxnÞa1fðnÞdn; 0< a6 1 ð2:11Þ
For example, (2.11) is applied for function f(x) = xb, and the
following equation is obtained:Z x
0
fðnÞðdnÞa ¼
Z x
0
nbðdnÞa
¼ Cðaþ 1ÞCðbþ 1Þ
Cðaþ bþ 1Þ x
aþb; 0 < x 6 1 ð2:12Þ3. Fractional variation iteration method (FVIM)
In order to describe the solution procedure of FVIM, the Eq.
(1.1) is taken into consideration. According to VIM, correction
functional of (1.1) is constructed as follows:
unþ1ðx;tÞ¼unðx;tÞþIa kðx;tÞ @
aunðx;tÞ
@ta
@
3~unðx;tÞ
@x2@t
þ@~unðx;tÞ
@x

unðx;tÞ@
3~unðx;tÞ
@x3
þunðx;tÞ@~unðx;tÞ
@x
3@~unðx;tÞ
@x
@2~unðx;tÞ
@x2

ð3:1Þ
Using (2.2), (3.1) yields the following equality:
unþ1ðx; tÞ ¼ unðx; tÞ þ 1CðaÞ
Z t
0
ðt nÞa1kðx; nÞ
 @
aunðx; nÞ
@na
 @
3~unðx; nÞ
@x2@n

þ @~unðx; nÞ
@x
unðx; nÞ @
3~unðx; nÞ
@x3
þ unðx; nÞ @~unðx; nÞ
@x
 3 @~unðx; nÞ
@x
@2~unðx; nÞ
@x2

dn ð3:2Þ
New correction functional is obtained by combining (2.11) and
(3.2) as follows:
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Z t
0
kðx;nÞ @
aunðx;nÞ
@na
@
3~unðx;nÞ
@x2@n

þ@~unðx;nÞ
@x
unðx;nÞ@
3~unðx;nÞ
@x3
þunðx;nÞ@~unðx;nÞ
@x
3@~unðx;nÞ
@x
@2~unðx;nÞ
@x2

ðdnÞa ð3:3Þ
where k is a Lagrange multiplier which can be identiﬁed opti-
mally via the variational theory, the subscript n denotes the nth
approximation, and ~un is considered as restricted variations,
i.e. d~un ¼ 0. Making the above functional stationary, noticing
that d~un ¼ 0, it is obtained that
dunþ1ðx; tÞ ¼ dunðx; tÞ þ dCðaþ 1Þ
Z t
0
kðx; nÞ @
aunðx; nÞ
@na

 @
3~unðx; nÞ
@x2@n
þ @~unðx; nÞ
@x
 unðx; nÞ @
3~unðx; nÞ
@x3
þ unðx; nÞ @~unðx; nÞ
@x
 3 @~unðx; nÞ
@x
@2~unðx; nÞ
@x2

ðdnÞa
ð3:4Þ
dunþ1ðx; tÞ ¼ dunðx; tÞ þ kdunðx; nÞjn¼t
 1
Cðaþ 1Þ
Z t
0
@akðx; nÞ
@na
dunðx; nÞðdnÞa ð3:5Þ
with the property from (2.6) and (2.8), kðx; nÞ must satisfyFigure 1 Plot of the exact solution (a), 6th order of approximate solu
solution (c) for a= 1.
Figure 2 6th order of approximate solutions for d@akðx; nÞ
@na
¼ 0 and 1þ kðx; nÞjn¼t ¼ 0 ð3:6Þ
Therefore, kðx; nÞ can be identiﬁed as:
kðx; nÞ ¼ 1 ð3:7Þ
Substituting (3.7) into the functional (3.3), the iteration for-
mula is obtained as follows:
unþ1ðx; tÞ ¼ unðx; tÞ  1Cðaþ 1Þ
Z t
0
@aunðx; nÞ
@na
 @
3unðx; nÞ
@x2@n

þ @unðx; nÞ
@x
 unðx; nÞ @
3unðx; nÞ
@x3
þ unðx; nÞ @unðx; nÞ
@x
 3 @unðx; nÞ
@x
@2unðx; nÞ
@x2

ðdnÞa ð3:8Þ
The success of the method depends on the determined
Lagrange multiplier kðx; tÞ and the selection of an appropriate
initial function u0(x, t). Generally, the initial condition is used
for selecting the zeroth approximation u0(x, t). Consequently,
the solution of (1.1) is given by u(x, t) = limnﬁ1un(x, t).
4. Implementation of FVIM
In this section, the following time-fractional Fornberg–
Whitham equation has been considered to indicate the applica-
bility and efﬁciency of FVIM.tion (b) and the absolute error between the exact and approximate
ifferent values of a at x= 0 (a) and t= 0.1 (b).
Table 1 Numerical comparison of this application for different values of a.
t x a= 1 a= 3/4 a= 2/3
uexact uFVIM uVIM uHPM uFVIM uVIM uHPM uFVIM uVIM uHPM
0.2 5 0.07184 0.07184 0.07184 0.07185 0.06428 0.06373 0.06413 0.06190 0.06018 0.06143
0 0.87518 0.87517 0.87521 0.87534 0.78304 0.77639 0.78121 0.75408 0.73313 0.74837
5 10.6620 10.6610 10.6620 10.6630 9.53900 9.45800 9.51690 9.18620 8.93100 9.11620
0.4 5 0.06287 0.06287 0.06287 0.06287 0.05684 0.05540 0.05666 0.05559 0.05225 0.05541
0 0.76593 0.76592 0.76589 0.76587 0.69243 0.67485 0.69024 0.67723 0.63658 0.67504
5 9.33060 9.33040 9.33010 9.32980 8.43520 8.22100 8.40960 8.25000 7.75480 8.22310
0.6 5 0.05502 0.05502 0.05502 0.05499 0.05140 0.05032 0.05133 0.05104 0.04873 0.05113
0 0.67032 0.67023 0.67024 0.66996 0.62621 0.61306 0.62536 0.62181 0.59359 0.62288
5 8.16620 8.16560 8.16490 8.16150 7.62850 7.46830 7.61780 7.57490 7.23110 7.58760
0.8 5 0.04816 0.04815 0.04813 0.04811 0.04709 0.04686 0.04715 0.04746 0.04705 0.04774
0 0.58665 0.58664 0.58656 0.58615 0.57364 0.57090 0.57440 0.57821 0.57324 0.58165
5 7.14710 7.14640 7.14550 7.14050 6.98810 6.95470 6.99690 7.04380 6.98320 7.08580
1.0 5 0.04214 0.04215 0.04214 0.04211 0.04352 0.04421 0.04370 0.04452 0.04607 0.04488
0 0.51342 0.51343 0.51341 0.51302 0.53013 0.53861 0.53236 0.54233 0.56129 0.54674
5 6.25450 6.25460 6.25440 6.24960 6.45800 6.56130 6.48650 6.60670 6.83760 6.66030
914 B. _Ibis, M. Bayram@au
@ta
 uxxt þ ux ¼ uuxxx  uux þ 3uxuxx; t > 0; 0 < a 6 1
ð4:1Þ
subject to the initial condition:
uðx; 0Þ ¼ ex2 ð4:2Þ
Starting with the initial function u0ðx; tÞ ¼ uðx; 0Þ ¼ ex2 and
using the iterative formula (3.8), the following results are
derived:
u1ðx; tÞ ¼ ex2 1 t
a
2Cðaþ 1Þ
 
u2ðx; tÞ ¼ ex2 1 t
a
2Cðaþ 1Þ 
t2a1
8Cð2aÞ þ
t2a
4Cð2aþ 1Þ
 
u3ðx; tÞ ¼ ex2 1 t
a
2Cðaþ 1Þ 
t2a1
8Cð2aÞ þ
t2a
4Cð2aþ 1Þ

 t
3a2
32Cð3a 1Þ þ
t3a1
8Cð3aÞ 
t3a
8Cð3aþ 1Þ

..
.
The rest of the components of the formula mentioned in
(3.8) can be obtained in a same manner. Consequently, the
exact solution of (4.1) is obtained in the form of series as
follows:
uðx; tÞ¼ lim
n!1
unðx;tÞ
¼ lim
n!1
e
x
2 1þ
Xn
k¼1
Xk1
i¼0

k1
i

1
2
 kþi
1
Cðkaþ1 iÞ t
kai
" #
¼ lim
n!1
e
x
2
Xn
j¼0
tja
ð2ÞjC jaþ1ð ÞF jþ1;ja; :;
1
2t
 
ð4:3Þ
where Fðjþ 1;ja; :; 1
2t
Þ is the hypergeometric function.
Fig. 1 shows plots of the exact solution, 6th order of
approximate solution, and the absolute error (|uexact(x, t) uappr.(x, t)|) between the exact and approximate solutions.
Fig. 2 shows plots of 6th order of approximate solution for dif-
ferent values of a at x= 0 and t= 0.1. The numerical results
for different values of a compared with the exact, VIM and
HPM solutions are given in Table 1. In order to achieve a high
level of accuracy by FVIM, many terms can be computed.
5. Conclusion
The fundamental aim of this study was to obtain an analytical
approximate solution of time-fractional Fornberg–Whitham
equation by using FVIM. The above mentioned implementa-
tion indicates that this method is powerful and efﬁcient in
solving the equation in an easier and more accurate way.
The method also provides an accurate series solution in a rap-
idly convergent form. Therefore, FVIM is a more effective,
convenient, and accurate method than other methods men-
tioned in the introduction. The obtained results denote that
this method can be considered as an alternative to the other
methods in the literature in terms of solving linear or nonlinear
FDEs in general.
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